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Abstract. Nonlinear effects are crucial in order to compute the cosmological matter
power spectrum to the accuracy required by future generation surveys. Here, a
new approach is presented, in which the power spectrum, the bispectrum and higher
order correlations, are obtained – at any redshift and for any momentum scale – by
integrating a system of differential equations. The method is similar to the familiar
BBGKY hierarchy. Truncating at the level of the trispectrum, the solution of the
equations corresponds to the summation of an infinite class of perturbative corrections.
Compared to other resummation frameworks, the scheme discussed here is particularly
suited to cosmologies other than ΛCDM, such as those based on modifications of
gravity and those containing massive neutrinos. As a first application, we compute
the Baryonic Acoustic Oscillation feature of the power spectrum, and compare the
results with perturbation theory, the halo model, and N-body simulations. The density-
velocity and velocity-velocity power spectra are also computed, showing that they are
much less contaminated by nonlinearities than the density-density one. The approach
can be seen as a particular formulation of the renormalization group, in which time is
the flow parameter.
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1. Introduction
Future generation galaxy surveys are going to measure the statistical properties
of matter distribution to an unprecedented accuracy, providing informations on
fundamental questions such as the nature of Dark Energy (DE) [1, 2] and the absolute
scale of neutrino masses (see, for instance, [3], and references therein). In particular, the
location and amplitude of Baryon Acoustic Oscillations (BAO), wiggles in the matter
power-spectrum produced by the coupling of baryons to radiation by Thomson scattering
in the early universe, for wavenumbers in the range k ≃ 0.05 − 0.25 hMpc−1, have the
potential to constrain the expansion history of the Universe and the nature of the DE.
BAO’s have recently been detected both in the 2dF and SDSS surveys data [4, 5, 6, 7],
and are going to be measured in the near future in a series of high-redshift surveys (see,
for instance [8, 9]).
A reliable comparison between theoretical models and observations requires going
beyond the linear order in perturbation theory [10, 11, 12, 13, 14, 15]. The more
established way to deal with nonlinearities is by means of N -body simulations (for recent
applications to the matter power spectrum (PS) see for instance [16, 17, 18]). However,
in order to gain the required sensitivity, very large volumes and high resolutions are
required, with the consequence that, due to time limitations, only the ‘vanilla’ type
ΛCDM cosmologies have been investigated so far. Fitting functions for the nonlinear
PS, such as those based on the Halo model e.g. refs. [19, 20]) are uncapable to reach
the required level of accuracy [16].
An alternative, semi-analytical approach is represented by perturbation theory
(PT) (for a review, see [21]), which has recently experienced a renewed interest, mainly
motivated by two reasons. First, next generation galaxy surveys are going to measure
the PS at large redshift, where the fluctuations are still in the linear regime and 1-loop
PT is expected to work [10, 11]. Second, techniques for the resummation of some classes
of perturbative corrections to all orders have been recently developed. These techniques,
based on field theory tools such as Feynman diagrams and the renormalization group
(RG) [22, 23, 13, 14] have been shown to be able to render a PS in agreement with
that from N -body simulations down to z = 0 [13, 14, 15]. For related work, see
[24, 25, 26, 27, 28, 29, 30, 31].
While these semi-analytic models have proved themselves a viable alternative to
N -body simulations (at least for what concerns the Dark Matter (DM) PS), they still
suffer from some limitations. First of all, these methods are formulated for an Einstein-
deSitter (EdS, Ωm = 1) cosmology, and further extended to more general ones (e.g.
ΛCDM) by replacing the EdS linear growth factor for the growing mode, DEdS+ = a, with
that of the other cosmology, D+(a), where a is the scale factor. While this procedure
is correct at the linear order, it introduces some inaccuracies at higher orders as soon
as the condition Ωm/f
2
+ = 1 (with f+ = d lnD+/d ln a) fails [32]. The problem is
that in schemes such as [22, 23, 13, 14] there is no way to independently assess the
validity of such approximation. Moreover, and more importantly, such approaches
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cannot be trivially extended to cosmologies in which the linear growth factor is also
scale dependent, D+ = D+(k, a), as is the case, for instance, when massive neutrinos
[3] contribute to the DM.
On a more technical ground, while the leading corrections for the PS where correctly
identified and computed in [13, 14, 15], for the bispectrum (BS) the task turns out to
be much more involved (for a computation in a different approach, see [33]). Finally, a
systematic scheme of approximations was not univocally identified in such frameworks,
and the independent assessment of the size of the corrections one is neglecting is not a
straightforward task.
In this paper we present an alternative approach to the resummation of infinite
classes of PT corrections. The method is based on a straightforward application of
the ‘equations of motion’, i.e. the continuity, Euler, and Poisson equations, to the
computation of correlation functions (PS, BS, etc.) for the density and the velocity
fields. The correlation functions evolve in time according to a (truncated) system
of differential equations, quite similar to the familiar BBGKY hierarchy ones [34].
Compared to the approaches discussed in [22, 23, 13, 14], the one we are going to
present is much more free from field theory technicalities and, as such, will be more
easily implemented by people without a specific field theoretical background. The
correlation functions obey a system of integro-differential equations, closed by a well
defined approximation procedure, whose solution gives the PS, BS, etc. at different
times and for any momentum configuration.
Remarkably, as we will discuss, the present formulation is much more flexible than
the previous ones, and can be straightforwardly applied to more general cosmologies, as
those based on modifications of gravity and those containing massive neutrinos [35].
As a first illustration of the possible applications of the method, we compute
the PS in the BAO region. We discuss the simplest non-trivial (i.e. beyond 1-loop)
approximation level and show which class of PT corrections it corresponds to. We
consider two cosmologies, a ‘vanilla’ ΛCDM, and one in which DE is a quintessence
with equation of state w = −0.8. For the ΛCDM case, we compare our results with
those obtained by N -body simulations [10] and by other approaches, and for both cases
we assess the error made by not properly treating the decaying mode. We find that it
can be as large as ≃ 1% only for z close to zero and scales smaller than those relevant
for the BAO.
The density-velocity and velocity-velocity power spectra are also computed, showing
that they are much less contaminated by nonlinearities than the density-density one.
The paper is organized as follows. In Section 2 we discuss the fluid equations for
a large class of cosmologies and derive, starting from those, the evolution equations
for the PS’s and the BS’s. We also state the only approximation made in this paper,
consisting in neglecting the effect of the evolution of the connected four point functions,
the trispectrum. In Section 3 we derive a formal solution of the system of equations
in our approximation and show to which class of PT corrections it corresponds to. In
Section 4 we compare the present approach to those of refs. [22, 23, 13, 14], and also
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with the one, closer in spirit, of ref. [26]. In Section 5 we give and discuss our numerical
results and compare it to other approaches. Finally, in Section 6 we summarize our
results and discuss future lines of work.
2. Nonlinear fluid equations in general cosmologies
Our starting point is given by the fluid equations,
∂ δm
∂ τ
+∇ · [(1 + δm)v] = 0 ,
∂ v
∂ τ
+H (v + [Av]) + (v · ∇)v = −∇φ ,
∇2φ = 3
2
H2Ωm (δm + [B δm]) , (1)
which are the continuity, Euler, and Poisson equations, respectively, generalized, with
respect to the EdS case, by the presence of the functions Ωm(τ), A(x, τ), and B(x, τ).
We will work in conformal time, τ , and will denote by H = d log a/dτ the Hubble
parameter, while δm(x, τ) and v(x, τ) will be the DM number-density fluctuation and
the DM peculiar velocity field, respectively. The square brackets indicates a convolution
in real space, i.e.,
[φχ](x, τ) ≡
∫ d3y
(2pi)3
φ(x− y, τ)χ(y, τ) . (2)
The functions A(x, τ), B(x, τ), and Ωm(τ), parametrize different cosmologies. In
the following, we list some interesting cases;
1) A = 0, B = 0, and Ωm(τ) = 1, corresponds to Einstein-de Sitter cosmology;
2) A = 0, B = 0, and Ωm(τ) =
[
1 + ρ0Q/ρ
0
mf(τ)
]−1
, corresponds to a flat cosmology
containing DM and some non-clusterized quintessence fluid. The case of constant
equation of state is given by f(τ) = a(τ)−3w, and ΛCDM corresponds to w = −1;
3) Non-vanishing values for bothA and B occur when particles’ geodesics are modified,
as it happens for instance when the DM particles couple to some light scalar
field [36, 37, 38] or in Scalar-Tensor theories of gravity [39, 40]. In the latter
case, if α(ϕ) represents the coupling between matter and the scalar field (in
terms of the Brans-Dicke parameter ω, we have α2 = 1/(2ω + 3)) one has
A(k, τ) = A(τ) = α dϕ/d log a and B(k, τ) = 2α2
(
1 +m2ϕa
2/k2
)−1
, where mϕ
is the scalar field mass, and we have transformed to Fourier space.
The approach we are going to present in this paper can be straightforwardly extended to
the case of many fluctuating components. In this case, the RHS of the Poisson equation
becomes
3
2
H2 ∑
i
Ωi δi , (3)
where the sum extends to all the components having non-vanishing density fluctuations.
For each component, nonlinear continuity and Euler equations should be taken into
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account. In some cases, however, the non-DM components have fluctuations well inside
the linear regime in all scales of interest. This happens, for instance, for neutrinos and
for most quintessence models. In these cases, one can approximate eq. (3) as
3
2
H2Ωm δm
(
1 +
∑
i
Ωi δ
lin
i
Ωm δlinm
)
, (4)
where the terms inside the parenthesis are taken from linear perturbation theory. Then,
in this approximation, the system reduces to eqs. (1) for a single DM component with
A = 0 and B(k, τ) = ∑iΩi δlini /(Ωm δlinm ).
Defining, as usual, the velocity divergence θ(x, τ) = ∇ · v(x, τ), and going to
Fourier space, the equations in (1) give
∂ δm(k, τ)
∂ τ
+ θ(k, τ)
+
∫
d3q d3p δD(k− q− p)α(q,p)θ(q, τ)δm(p, τ) = 0 ,
∂ θ(k, τ)
∂ τ
+H (1 +A(k, τ))θ(k, τ) + 3
2
H2 (1 + B(k, τ))Ωm(τ)δm(k, τ)
+
∫
d3q d3p δD(k− q− p)β(q,p)θ(q, τ)θ(p, τ) = 0 . (5)
The nonlinearity and non-locality of the Vlasov equation survive in the two functions
α(q,p) =
(p+ q) · q
q2
, β(q,p) =
(p+ q)2 p · q
2 p2q2
, (6)
which couple different modes of density and velocity fluctuations. Notice that the
functions A and B only appear in linear terms.
One can write Eqs. (5) in a compact form. First, we introduce the doublet ϕa
(a = 1, 2), given by(
ϕ1(k, η)
ϕ2(k, η)
)
≡ e−η
(
δm(k, η)
−θ(k, η)/H
)
, (7)
where the time variable has been replaced by the logarithm of the scale factor,
η = log
a
ain
,
ain being the scale factor at a conveniently remote epoch, were all the relevant scales
are well inside the linear regime.
Then, we define a vertex function, γabc(k,p,q) (a, b, c,= 1, 2) whose only
independent, non-vanishing, elements are
γ121(k, p, q) =
1
2
δD(k+ p+ q)α(p,q) ,
γ222(k, p, q) = δD(k+ p+ q) β(p,q) , (8)
and γ121(k, p, q) = γ112(k, q, p).
The two equations (5) can now be rewritten as
∂η ϕa(k, η) = −Ωab(k, η)ϕb(k, η) + eηγabc(k, −p, −q)ϕb(p, η)ϕc(q, η), (9)
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where
Ω(k, η) =

 1 −1−3
2
Ωm(η)(1 + B(k, η)) 2 + H
′
H +A(k, η)

 . (10)
Repeated indices are summed over, and integration over momenta q and p is understood.
Notice that all the effect of changing the cosmology from EdS is contained in the matrix
Ωab, the vertices being universal.
The η-evolution of the correlation functions can be derived by iterating the
application of eq. (9), as follows:
∂η 〈ϕaϕb〉 = − Ωac〈ϕcϕb〉 − Ωbc〈ϕaϕc〉
+ eηγacd〈ϕcϕdϕb〉+ eηγbcd〈ϕaϕcϕd〉 ,
∂η 〈ϕaϕbϕc〉 = − Ωad〈ϕdϕbϕc〉 − Ωbd〈ϕaϕdϕc〉 − Ωcd〈ϕaϕbϕd〉
+ eηγade〈ϕdϕeϕbϕc〉+ eηγbde〈ϕaϕdϕeϕc〉
+ eηγcde〈ϕaϕbϕdϕe〉 ,
∂η 〈ϕaϕbϕcϕd〉 = · · ·
· · · (11)
In order to have more compact equations, we have omitted the momentum and η-
dependence of the correlation functions. All the fields are evaluated at the same η-value.
Next we express the two –three –and four-point correlators as
〈ϕa(k, η)ϕb(q, η)〉 ≡ δD(k+ q)Pab(k , η) ,
〈ϕa(k, η)ϕb(q, η)ϕc(p, η)〉 ≡ δD(k+ q+ p)Babc(k, q, p; η) ,
〈ϕa(k, η)ϕb(q, η)ϕc(p, η)ϕd(r, η)〉 ≡
[δD(k + q) δD(p+ r)Pab(k , η)Pcd(p , η)
+ δD(k+ p) δD(q+ r)Pac(k , η)Pbd(q , η)
+ δD(k+ r) δD(q+ p)Pad(k , η)Pbc(q , η)
+ δD(k+ p+ q + r)Qabcd(k ,q ,p , r , η)] , (12)
where Pab(k , η) is the PS, Babc(k, q, p; η) the BS, and Qabcd(k ,q ,p , r , η), the
connected part of the four-point function, is the trispectrum.
In this paper, we will make the approximation Qabcd = 0. It should be emphasized
that this choice, although allowing us to split the four-point functions in terms of two-
point ones as in the Wick theorem, by no means amounts to consider the fields ϕa to
be Gaussian, since the BS is fully taken into account. In the following Section, we will
show explicitly by using diagrammatic methods, which class of non-linear interactions
are kept into account by this approximation.
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The first two equations in (11) form now a closed system, given by:
∂η Pab(k , η) = −Ωac(k , η)Pcb(k , η)− Ωbc(k , η)Pac(k , η)
+ eη
∫
d3q [γacd(k, −q, q− k)Bbcd(k, −q, q− k; η)
+Bacd(k, −q, q− k; η) γbcd(k, −q, q− k)] ,
∂η Babc(k, −q, q− k; η) = −Ωad(k , η)Bdbc(k, −q, q− k; η)
− Ωbd(−q , η)Badc(k, −q, q− k; η)
− Ωcd(q− k , η)Babd(k, −q, q− k; η)
+ 2eη [γade(k, −q, q− k)Pdb(q , η)Pec(k− q , η)
+ γbde(−q, q− k, k)Pdc(k− q , η)Pea(k , η)
+ γcde(q− k, k, −q)Pda(k , η)Peb(q , η)] . (13)
Notice that we have restored the momentum dependences, and that the only momentum
integration is the one explicitly indicated in the first of eqs. (13). In Section 5 we
will present the result of the numerical integration of the equations above, without
any further approximation, so, the reader interested in the performances of the
present approach can skip directly to that section. In the next two sections, we
discuss the relation of this method with PT, with the resummation schemes of refs
[22, 23, 13, 14, 15], and with the RG approach of ref. [26].
3. Analytic Solutions
The formal solution of the system (13) is given by
Pab(k , η) = gac(k , η, 0) gbd(k , η, 0)Pcd(k , η = 0)
+
∫ η
0
dη′eη
′
∫
d3q gae(k , η, η
′)gbf(k , η, η′)
× [γecd(k, −q, q− k)Bfcd(k, −q, q− k; η′)
+ γfcd(k, −q, q− k)Becd(k, −q, q− k; η′)] ,
Babc(k, −q, q− k; η) =
gad(k , η, 0)gbe(−q , η, 0)gcf(q− k , η, 0)Bdef(k, −q, q− k; η = 0)
+ 2
∫ η
0
dη′eη
′
gad(k , η, η
′)gbe(−q , η, η′)gcf(q− k , η, η′)
× [γdgh(k, −q, q− k)Peg(q , η′)Pfh(q− k , η′)
+ γegh(−q, q− k, k)Pfg(q− k , η′)Pdh(k , η′)
+γfgh(q− k, k, −q)Pdg(k , η′)Peh(q , η′)] , (14)
where gab(k , η, η
′) is the linear propagator [22, 23, 13, 14] which gives the η-evolution
of the field at the linear level, ϕLa (k, η) = gab(k , η, η
′)ϕLb (k, η
′), where the subscript “L”
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e
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Babc
Figure 1. The O(γ0) contributions to the power spectrum and the bispectrum.
indicates the linear approximation. In order to check the validity of the solutions above,
the two following properties of the propagator should be used,
∂ηgab(k , η, η
′) = −Ωac(k , η)gcb(k , η, η′) , gab(k , η, η) = δab . (15)
The explicit form of the linear propagator for the general class of cosmologies
encompassed by eq. (10) is given in Appendix A.
It is instructive to expand eqs. (14) in powers of the interaction vertex γabc, in
order to understand what class of peturbative corrections are mantained, and what are
neglected, by doing the approximation Qabcd = 0. The lowest order, corresponding to
linear perturbation theory, is obtained by setting γabc = 0 on the RHS of eqs. (14),
yelding,
PLab(k , η) = gac(k , η, 0) gbd(k , η, 0)Pcd(k , η = 0) ,
BLabc(k, −q, q− k; η) =
gad(k , η, 0)gbe(−q , η, 0)gcf(q− k , η, 0)Bdef(k, −q, q− k; η = 0) , (16)
where we explicitly see, besides the initial PS, the initial BS evaluated at η = 0. Notice
that, due to the e−η factor in front of eq. (7), the linear PS is independent on η, on the
growing mode.
In the language of Feynman diagrams introduced in [14], the linear order solution
can be represented as in fig. 1, where the lines correspond to propagators, the empty
box to the primordial PS and the empty triangle to the primordial BS. The next order
(O(γ)) correction for the BS is obtained by inserting PLab in place of Pab at the RHS
of the second of eqs. (14). The result is represented at the bottom of fig. 2, where the
vertex represent the interaction γabc. Inserting the BS at this order (that is, the sum of
the O(γ0) and O(γ) contributions of figs. 1 and 2, respectively) in the first of eqs. (14),
we get the O(γ2) and O(γ) contributions to the PS, represented in the first two lines of
fig. 2. At this order, the result for the PS coincides with the standard 1-loop expression
in eulerian perturbation theory [21], as can be checked by using the composition rule
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Babc + cyclic permutations
Pab
+  2
+ 3
Figure 2. The O(γ) contributions to the bispectrum and the O(γ2) (first line) and
O(γ) (second line) ones to power spectrum.
for the propagators,
gab(k , η, η
′)gbc(k , η′, η′′) = gac(k , η, η′′) . (17)
Iterating the procedure one more time, the first differences with respect to perturbation
theory arise. Considering the BS, O(γ3) and O(γ2) corrections are generated by
substituting one of the two power spectra lines in fig. 2 with the O(γ2) or O(γ)
contributions to the PS, one possibility being represented on the left of fig. 3. However, in
perturbation theory, there are other O(γ3) corrections which cannot be obtained in this
way, such as that on the right of fig. 3. In a field theoretic language, as a consequence of
the approximation Qabcd = 0, we are neglecting vertex renormalization, while including
the renormalization of the PS. This finding generalizes at any order. The n-th iteration
leads to contributions which are given by sums of terms having the same structure as
fig. 2, with the legs containing a box replaced O(n− 1) contributions to the PS, while
the vertices, propagators, and triangles are left untouched. This is well summarized
by the expressions in eq. (14), where the PS is formally 1-loop (there is a momentum
integration, d3q), while the BS is formally tree-level (no momentum integration).
The results presented in Sect.5 correspond to the resummation of this class of
contributions to all order in γ.
4. Comparison to other approaches
From the discussion of the previous section, one can realize that the results of linear
perturbation theory for the PS are recovered by setting γabc to zero on the RHS of the
integro-differential equations in (13). The 1-loop approximation corresponds instead to
setting Pab(p, η) = Pab(p, η = 0) on the RHS of the second of eqs. (13), while keeping
the first one in its full form.
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yes no
Figure 3. O(γ3) corrections to the BS included (left) and not included (right) in the
approximation scheme considered in this paper, namely Qabcd = 0.
Finally, keeping the η-dependence of the PS at the RHS of both equations
corresponds to resumming, to all orders, the perturbative corrections in which the
interaction vertex is kept at its tree-level form, γabc, i.e. in which no diagrams like the
one at the right of fig. 3 are included. This class of corrections is the same which was
considered in refs. [14], where RG equations were also solved under the approximation
of keeping the tree-level expression for the vertex. Indeed, the results of the present
paper compare very well with those obtained via the RG. However, there are also some
practical differences between the two approaches, which are worth while mentioning.
First of all, in the RG case, as well as in the renormalized perturbation theory of
Crocce and Scoccimarro [22, 23], the computation of the PS requires two steps, each
one implying further approximations besides the one of keeping the vertex at tree-level.
In the first step, the propagator is computed. As was shown in [22, 23, 13, 14] a simple
analytic expression, exact in the limit of large external momentum, can be obtained
for the propagator at any order in perturbation theory. However, the use of this large
momentum limit turns out to give inaccurate results [15], so that subleading corrections
have to be taken into account. In the second step, the ‘resummed’ propagator is used to
compute the PS. The calculation is performed either by making extra approximations
to the relevant RG equations [14], or at finite loop order, as in [15].
The remarkable feature of the present approach is that there is no need to compute
the propagator in order to get the PS (or the BS, etc.). The information on the time
evolution, which, in the approaches of refs. [22, 23, 13, 14, 15] is contained in the
propagator, here is treated exactly by the differential (in time) structure of the equations.
Once the Qabcd = 0 truncation is performed, the system is solved without any further
approximation. Also, the next level of approximation is clearly identified in keeping
Qabcd and truncating at the five-point correlator level, and so on.
Moreover, as we already discussed in the Introduction, using differential equations
in time has the other precious virtue of allowing a clear treatment of the general class
of cosmologies described by eqs. 1. Strictly speaking, approaches such as [13, 14, 15]
are exact only in the Einstein-deSitter case (ΩM = 1), in which the matrix Ω(k, η)
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appearing in the the equation of motion reads
Ω =

 1 −1−3
2
3
2

 . (18)
In cosmologies such as ΛCDM, where Ωm < 1 and the linear growing mode for matter,
D+, is scale-independent, if one makes the following replacements
η → log D+(a)
D+(ain)
, ϕ2(k, η)→ ϕ2(k, η)
f+(η)
, (19)
with f+ = d logD+/d log a, one gets equations of the same form as eq.(9) but with
Ω(η) =

 1 −1−3Ωm
2f 2+
3Ωm
2f 2+

 . (20)
The phenomenologically interesting cases of ΛCDM and (non-clusterizing) quintessence
are then treated in [22, 23, 13, 14, 15] by using eq. (19) and approximating eq. (20)
with (18). It is easy to realize (see Appendix A) that in this approximation the growing
mode of matter perturbations is treated properly, whereas the decaying mode has the
wrong time dependence and the wrong ratio between density and velocity perturbations.
Since the vertex γabc mixes growing and decay modes, this approximation is expected to
work well in the linear regime, and to fail when nonlinearities become important‡. The
frameworks discussed in [22, 23, 13, 14, 15] have no way of assessing the validity of the
approximation, while, in the present approach, one can directly test it by comparing
the results obtained with the constant and the η- dependent Ω matrices. In the next
section we will discuss such a comparison (see fig. 7). The most generic case of scale
dependent growth factors is precluded to the approaches such as [22, 23, 13, 14, 15],
while it can be properly treated here. The most relevant example of massive neutrinos
will be the subject of a future publication [35].
Evolution equations for the PS depending on time (or, better, on the growth factor),
were discussed by Mc Donald in [26]. They are equivalent (at least in the approximated
approach to ΛCDM discussed above) to make the approximation
Pab(p, η) ≃ ua ub P (p, η) , u =
(
1
1
)
, (21)
in the last of eqs.(14), and in inserting the BS obtained in this way into the first of
eqs.(13). By doing so, one obtains an evolution equation whose RHS has the structure
of the 1-loop correction to the PS, in which the linear (η-independent) PS has been
replaced by the renormalized (η-dependent) one. As we will see in the next section
(see figs. 5, 6), the different components of the PS exhibit sizably different evolutions,
therefore one expects that the approximation in eq. (21) would lead to results far from
the accuracy required in applications such as the BAO, as it seems to be the case of
ref. [26].
‡ Another way of seeing the problem [32] is to notice that if Ωm/f2+ 6= 1 the equations of motion (9)
do not admit separable solutions of the form ϕa(k, η) =
∑
nD
n
+(η)χa(k).
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0 0.05 0.1 0.15 0.2 0.25 0.3
k (h/Mpc)
0.9
1
1.1
1.2
1.3
z=1
Figure 4. Power spectra at redshift z = 1 (divided by a smooth one). The continuous
line is the result of the present paper, compared with linear theory (dotted), 1-loop
PT (dash-dotted), the halo approach of ref. [20] (dashed). The dots with error bars
are taken from the N -body simulationd of ref. [10]. The background cosmology is a
spatially flat ΛCDM model with Ω0Λ = 0.73, Ω
0
b = 0.043, h = 0.7, ns = 1, σ8 = 0.8.
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Figure 5. The density-density (Pδδ), density-velocity (Pδθ), and velocity-velocity
(Pθθ) power spectra at z = 1. The dotted line is linear theory, and the dash-dotted
one the linear theory multiplied by exp(−k2σ2v(eη − 1)2).
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Figure 6. Same as fig. 5, but at z = 0.
5. Numerical Results
In this section, we present the results of a numerical integration of the equations (13).
Our code is built along the lines described in Appendix B. As benchmark cosmologies,
we will consider a flat ΛCDM model, with Ω0Λ = 0.73, Ω
0
b = 0.043, h = 0.7, ns = 1,
σ8 = 0.8, and a quintessence model with equation of state w = −0.8 and the other
parameters set at the same values. The linear growth factors are scale-independent in
both cases, so we will perform the change of variables in eq. (19) and use the exact
–η-dependent – matrix Ω in eq. (20).
The integration starts at a ηin = 0 corresponding to a high redshift. In this paper,
we set zin = 35. The initial conditions at η = 0 are the linear PS, as obtained by running
the CAMB code [41], and vanishing BS, i.e., we are ignoring all non-gaussianities
generated at higher redshifts. Then, the evolution equations are evolved down to low
redshift, giving the PS and the BS for any momentum scale. In fig.4 we give the
(density-density) PS for our ΛCDM cosmology, divided by a smooth spectrum, obtained
by setting Ω0b = 0. The results of this paper are represented by the continuous line. For
comparison, we also give the results of linear theory (dotted) of 1-loop PT, dash-dotted,
of the halo approach of ref. [20] (dashed), and of the N -body simulations of ref. [10].
Compared to the RG approach of refs.[13, 14], the agreement with N -body simulations
is equally good in the BAO region, but here, it extends to higher k’s.
In figs. 5 and 6 we plot the density-density, density-velocity, and the velocity-
velocity PS, given by P11, P12, and P22, respectively. As it was discussed in [13, 14, 15],
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the exact PS has the structure
Pab(k, η) = Gac(k, η, 0)Gbd(k, η, 0)Pcd(k, 0) + P
II
ab (k, η) (22)
where Gac(k, η, 0) is the full propagator. The first term on the RHS can be approximated
as [15]
e(−k
2σ2
v
(eη−1)2)PL(k, 0) (23)
with PL(k, 0) the linear PS, and
σ2v =
1
3
∫
d3q
PL(q, 0)
q2
, (24)
the velocity dispersion. This contribution is also plotted in the figures, with a dash-
dotted line. In this approximation, the first contribution to eq. (22) is the same for the
three components of the PS. The difference between them is then entirely due to the
mode-coupling contribution P IIab (k, η), which has the effect of smoothing out the BAO
feature [15]. As we see from the figures, the velocity-velocity and the density-velocity
PS are less affected by P II than the density-density one, therefore they should be taken
into serious consideration as alternative keys to measuring the BAOs.
Finally, we address the issue of the error made by approximating the exact Ω in
eq. (20) with the constant one in eq.(18), as is usually done in PT as well as in the
approaches of refs.[22, 23, 13, 14, 15]. This approximation should become less and less
accurate at decreasing redshifts. Also, it should have some dependence on the cosmology
under consideration, since the ratio Ωm/f
2
+ increases from 1 at high redshift to 1.157 at
redshift zero for ΛCDM and to 1.179 for the w = −0.8 quintessence cosmology. In fig. 7
we plot the relative difference between the PS computed with the time-dependent matrix
Ω and the approximated, constant one. Continuous lines are for ΛCDM (w = −1), and
dashed ones for a quintessence with constant equation of state w = −0.8. For each
cosmology, the lines from bottom to top correspond to z = 1, 0, respectively. We see
that, in both cases, the relative error in the BAO range of stays below the per mill level
at z = 1, and below the percent at z = 0. Therefore, for high redshift surveys, our
results indicate that the approximation is well motivated.
6. Summary
Compared to previous semi-analytic approaches to the resummation of perturbative
corrections, the scheme presented in this paper has some clear advantages. First of
all, it can be easily extended to a large class of cosmologies, among which the case of
massive neutrinos and of scalar-tensor modifications of gravity are the most notable
ones. In practice, the approach in its present form can be used for all models in which
the nonlinear terms in the continuity and in the Euler equations are the same as for the
EdS case. The evolution can be seen as a series of time steps (in the limit of vanishing
step length), during which the fields evolve with the –possibly scale-dependent– linear
growth factors. At the end of each step, the growing and decaying mode are mixed by
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Figure 7. Relative difference between the power spectrum computed with the
time-dependent matrix Ω in eq. (20) and the approximated, constant one, eq. (18).
Continuous lines are for ΛCDM (w = −1), and dashed ones for a quintessence with
constant equation of state w = −0.8. For each cosmology, the bottom (top) lines
correspond to z = 1 (z = 0).
the universal nonlinear terms. Therefore, the different cosmologies enter only via the
different background evolution and the different linear growth factor, all the information
being contained in the Ω matrix of eq. (10).
The second advantage is the possibility of formulating a clean and systematic
scheme of approximations. The next level, compared to the one considered here, is
obviously given by the inclusion of the trispectrum in the system of equations, which
will correspond to including vertex corrections. Judging from the present agreement
between our results and N -body simulations in the BAO region, one would infer that
such improved approximation will mainly affect higher momentum scales.
For a more practical point of view, though the present approach is completely
compatible with those of refs. [22, 23, 13, 14] (see the discussion in Section 4), here field
theory tools such as Feynman diagrams, generating functionals, and RG flows, are not
necessary in order to compute, for instance, the PS and the BS. What is needed, at
the end, is just a code to solve the differential equations in eq.(13). Therefore, a field
theoretic background is not a prerequisite to use this method.
The results we obtain are in good agreement with the N-body simulations of ref.
[10], up to k of order 0.3−0.35 h/Mpc, showing that the method is able to describe (from
first principles) the non-linearities due to mode-mode coupling in the BAO region. We
also showed that the velocity-density and the velocity-velocity PS’s are less contaminated
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by the mode-mode coupling and, since they should also be much less contaminated by
bias, their possible role in the future BAO measurements should be studied in more
detail.
Finally, we showed that the role of the decaying mode can be safely ignored for
z
>∼ 1, and can lead to percent-level effects only at lower redshifts and scales higher
than those relevant for the BAO’s.
The importance of nonlinear effects for the determination of the upper bound on the
neutrino mass scale was emphasized in ref. [42], where 1-loop PT was used to compute
the PS. A better nonlinear approach is clearly desirable to derive firmer neutrino mass
bounds [35], possibly including the running of the trispectrum, in order to reach higher
momentum scales.
Appendix A. The linear propagator in general cosmologies
The linear equation
∂η ϕa(k, η) = −Ωab(k, η)ϕb(k, η), (A.1)
has solutions of the form(
1
f(k, η)
)
ϕ(k, η), (A.2)
where ϕ and f satisfy,
∂η ϕ = −(Ω11 + Ω12f)ϕ
∂η f = Ω12f
2 + (Ω11 − Ω22)f − Ω21
= Ω12(f − f¯+)(f − f¯−) , (A.3)
with
f¯±(k, η) =
Ω22 − Ω11 ∓
√
(Ω22 − Ω11)2 + 4Ω12Ω21
2Ω12
. (A.4)
Solving the equations (A.3), we get the evolution in η of the upper and lower components
of (A.2),
ϕ(η) = e
−
∫
η
η′
dx(Ω11+Ω12f)ϕ(η′) ,
f(η)ϕ(η) = e
−
∫
η
η′
dx(Ω21/f+Ω22)f(η′)ϕ(η′)
= e
−
∫
η
η′
dx(Ω11+Ω12f) f(η)
f(η′)
f(η′)ϕ(η′) . (A.5)
Next, we identify two independent solutions of eq. (A.3), which will serve as basis for
the expansion of the most generic solution of eq. (A.1). In most cases, it is convenient to
choose as basis solutions the growing and decaying modes. For instance, if the Universe
at high redshift tends to Einstein-deSitter, one can identify the basis solutions by setting
their initial conditions as
f±(k, ηi) = f¯±(k, ηi) , (A.6)
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at some early time ηi, with f¯± given in eq. (A.4).
We define the instantaneous projectors on the two basis solutions, for each η ≥ ηi,
M+(k, η)
(
1
f+(k, η)
)
=
(
1
f+(k, η)
)
,
M+(k, η)
(
1
f−(k, η)
)
= 0 , (A.7)
which is given explicitely by
M+ =
1
f− − f+
(
f− −1
f−f+ −f+
)
. (A.8)
The projector on the other mode is given by M− = 1−M+.
The propagator, defined as the operator giving the linear evolution of the field ϕa,
i.e, ϕa(k, η) = gab(k, η, η
′)ϕb(k, η′), is then given by
g(k, η, η′) = e−
∫
η
η′
dx(Ω11+Ω12f+)

 1 0
0 f+(k,η)
f+(k,η′)

M+(k, η′)
+ e
−
∫
η
η′
dx(Ω11+Ω12f−)

 1 0
0 f−(k,η)
f−(k,η′)

M−(k, η′) , (A.9)
for η > η′, and zero otherwise. One can check that it satisfies the properties
∂η g(k , η, η
′) = −Ω(k , η) · g(k , η, η′) ,
lim
η′−>η−
g(k, η, η′) = 1 ,
g(k, η, η′) · g(k, η′, η′′) = g(k, η, η′′) , (A.10)
and that, in the Einstein-deSitter case (Ω11 = −Ω12 = 1, Ω22 = −Ω21 = 32), it reduces
to the propagator considered in [14], with f+ = 1, f− = −3/2.
Appendix B. Putting the equations in a more numerical-friendly form
In case of k-independent (but η-dependent) Ω matrices, the evolution equation for the
PS, eq. (13) can be rewritten as
∂η Pab(k) = −ΩacPcb(k)− ΩbcPac(k)
+ eη
4pi
k
∫ ∞
k/2
dq q
∫ q
|q−k|
dp p
[
γ˜acd(k, q, p) B˜bcd(k, q, p)
+B˜acd(k, q, p) γ˜bcd(k, q, p)
]
, (B.1)
where the η-dependence of the PS, the BS and the Ω matrix is understood, and we have
defined
γ˜abc(k, q, p) = γabc(k,q,p)|p=−(k+q) , (B.2)
and analogously for B˜abc(k, q, p). In numerical applications, the integrals appearing in
the above expression are quite time consuming to perform, both because the integration
Flowing with Time: a New Approach to Nonlinear Cosmological Perturbations 18
interval for the internal variable (p) depends on the external one (q), and because the
integrand contain a function, B˜bef (k, q, p), which has to be computed via an independent
evolution equation, eq. (13), for each set of its three variables. In order to put the
equations in a more manageable form, it is convenient to define the following quantities,
Iacd,bef(k) ≡
∫ ∞
k/2
dq q
∫ q
|q−k|
dp p
1
2
[
γ˜acd(k, q, p) B˜bef(k, q, p) + (q ↔ p)
]
.
(B.3)
Then, eq. (B.1) can be written as
∂η Pab(k) = −ΩacPcb(k)− ΩbcPac(k)
+ eη
4pi
k
[Iacd,bcd(k) + Ibcd,acd(k)] . (B.4)
The evolution of the Iacd,bef (k) can be deduced from that for the bispectra, i.e. from
the second of eqs. (13), and is given by
∂η Iacd,bef(k) = −ΩbgIacd,gef(k)− ΩegIacd,bgf(k)
− ΩfgIacd,beg(k) + 2eηAacd,bef(k) , (B.5)
with the integrals Aacd,bef(k) given by
Aacd,bef(k) ≡
∫ ∞
k/2
dq q
∫ q
|q−k|
dp p
1
2
{γ˜acd(k, q, p) [γ˜bgh(k, q, p)Pge(q)Phf(p)
+ γ˜egh(q, p, k)Pgf(p)Phb(k) + γ˜fgh(p, k, q)Pgb(k)Phe(q)] + (q ↔ p)} . (B.6)
Comparing (B.1) to (B.6), we see that the latter integral contains only running functions
of one variable, the P ’s.
The evolution of the PS can then be obtained by solving the system of eqs. (B.4)
and (B.5). By inspection of the explicit expression for the vertex, eq. (8), and of the
symmetry properties of the integral (B.6), one can conclude that of the 64 components
of Iacd,bef(k) only 12 take part to the system. Indeed, the 12 independent components
to follow are identified by the direct product of the two triplets (acd) = (112), (222) and
the six triplets (bef) = (b11), (b12), (b22), (b = 1, 2). Together with the 3 equations for
the independent components of the PS (namely, P11, P12, and P22), we have a total of
15 equations.
It is also convenient to put the integrals such as eq. (B.6) in the following form,∫ ∞
k/2
dq q
∫ q
|q−k|
dp p [F (k, q, p) + (q ↔ p)]
=
∫ ∞
k/
√
2
dx
∫ k/√2
0
dy
x2 − y2
2
[
F (k,
x+ y√
2
,
x− y√
2
) + (y ↔ −y)
]
,(B.7)
which has the virtue of having both integration intervals independent on the integration
variables.
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